20 September, 1998 


Problem


Here are two solutions to the following option pricing problem: pay $1 exactly when stock price first hits some price level.


Solutions


1.  Using an explicit hedging portfolio and the standard Black-Scholes assumptions, I would write your option for any positive amount of money P. (Std. BS assumptions: unlimited borrowing / lending at risk free rate, continuous trading, infinitely divisible securities etc.) Here is the hedge. For simplicity assume the risk free rate = 0 and the exercise price = 100. When the stock price first reaches 99 buy one share (with borrowed money). If the price drops below 99 ( P/2 then sell. If this happens you have lost P/2 and still have P/2. If the price rises to 100, sell, making 100, pay off loan for 99 and give $1 to option holder. Otherwise do nothing. If the option expires in the mean time you have enough money to close out your position.


If the price drops below 99 ( P/2, and subsequently rises to 99 1/2 buy two shares. Repeat above argument, selling if stock drops below 99 1/2 ( P/8. If you sell, your losses are 2 ( P/8 = P/4, and you still have P/4 left. Continuing in this way you never run out of money (in fact in most situations you'll be left over with some money) and if the option is exercised you will have $1 on hand. These arguments remain valid provided P>0.


If the risk free rate is not zero then this argument will not work, because you may end up borrowing for nearly the entire contact period. When risk free rate is > 0 you'll need a more delicate hedge whereby you'll sell the instant the stock price isn't appreciating faster than your interest charges are accruing(which will imply some pretty hectic trading. You could write down what the answer should be by differentiating the answer in (2). However, since all sorts of regularity conditions will be violated, it is not clear to me if you'll actually get the right answer. 


2. The standard risk-neutral pricing nonsense would value the option by adjusting the drift of the stock price so the discounted stock price is a martingale and then computing present value of the expected payout with respect to adjusted probabilities. To do this, let 


s = current stock price


�EMBED Equation.3��� = volatility of the stock price (per year, say)


x = exercise price, x > s


T = time to expiration (in years)


r = risk free interest rate
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Then the option price is given by


�EMBED Equation.3���


where �EMBED Equation.3��� is the cumulative distribution for a standard normal variable. The attached spreadsheet contains this formula, with user inputs (x, s, T, r, and �EMBED Equation.3���) in red. You can easily verify it has the following expected properties:


P increases with T to �EMBED Equation.3��� which is the Laplace transform of the distribution of first hitting time for a BM with drift(as it should be. (See any reference on BM).


P increases with volatility.


P decreases as the difference between the exercise price and the current stock price increases.


P decreases with increasing r.


You'll need to read the details in Harrison-Kreps/Harrison-Pliska about no-free-lunch etc. to know for sure if method 2 is valid, given pathologies of method 1. If it is, then the derivative of the option price with respect to s will give the hedge(as usual. (Very unlikely to be exactly true.) 


I don't have time for this right now! Enjoy,


Steve


